In this paper, we investigate the existence and uniqueness of mild and strong solutions of fractional semilinear evolution equations in the Hilfer sense, by means of Banach fixed point theorem and the Gronwall inequality.
Introduction
In recent years, many researchers have looked in particular at the field of fractional calculus, especially for fractional differential equations. It is already more consolidated and proven that in fact, investigating the properties of solutions of fractional differential equations, seems to be better than the integer case. In addition, there is some sense the modeling, in the fractional setting, several species , which in turn has also been of great value, because it is possible to obtain more consistent results with respect to the reality [15] . Investigating the existence, uniqueness and stability of mild, strong and classical solutions of fractional differential equations, has gained prominence and strength in the scientific community. Due to the previous facts,the fractional calculus produced important and high quality papers, see for instance [11, 19] .
In 2012, Shu and Wang [2] investigated the existence and uniqueness of mild solution for non-local fractional differential equations with non-local conditions using the Banach fixed point theorem. In 2016, Shu and Shi [3] performed the work on the expressions obtained so far that were related to mild solutions to impulsive fractional evolution equations. In the following year, Gou and Li [4] investigated the existence of mild solution in global and local context, for impulsive semilinear integral equations in the fractional sense with non-compact semigroup in spaces Banach, in which the authors emphasized the importance and effectiveness of these fractional integro-differential equations has in preexisting problems. In this sense, many other works have been published and investigated. We suggest some works [5, 6, 7] .
Motivated by the works [3, 4, 18] , in this paper, we consider the fractional semilinear evolution equation
where A is the infinitesimal generator of a C 0 semigroup F (t) t≥0 on a Banach space Λ,
The motivation of this work, besides investigating the properties of the mild and strong solutions, is to provide to the many researchers that investigate the results on the existence and uniqueness of several types of fractional differential equations, new results that allow to further strengthen the field as well as provide a range of tools and news. In this sense, we investigate the existence and uniqueness of mild and strong solutions for Eq.(1.1), using the Banach fixed point theorem and the Gronwall inequality.
Preliminaries
Let n−1 < α ≤ n with n ∈ N and f, ψ ∈ C n ([a, b], R) be two functions such that ψ is increasing and ψ
0+ (·) of a function f of order α and type 0 ≤ β ≤ 1 is defined by [13, 14] The Eq.(2.1) has a unique strong solution ξ on I given by the formula [17] 
The mild solution for the nonlocal Cauchy problem Eq.(1.1) on I in the sense of Hilfer fractional derivative, is given by means of the integral equation
Main results
In this section, we will investigate the existence and uniqueness of mild and strong solutions for the fractional evolution equation introduced by means of the Hilfer fractional derivative. In order to obtain the main results of the paper, we will use the Banach fixed point theorem and the Gronwall inequality.
Before investigating the main results of this paper, consider some conditions:
2. σ : I → I is absolutely continuous and ∃b > 0 a constant such that σ ′ (t) ≥ b for t ∈ I;
3. ϕ : I p × Λ → Λ and ∃λ > 0 a constant such that
4. −A is the infinitesimal generator of a C 0 semigroup F (t) t≥0 on Λ; 
Then problem Eq.(1.1) has a unique mild solution on I.
Proof: To realize the proof, we consider Ω := C 1−γ (I, B R ) and define the following operator F on Ω, given by
Then, by definition of the norm in Ω, we get
Therefore, F (Ω) ⊂ Ω. Let investigate the norm, for every µ 1 , µ 2 ∈ Ω and t ∈ I, we obtain
Thus, we guarantee that F is a contraction in the metric space Ω. Then, by means of the Banach fixed point theorem for F in the space Ω, we conclude that, in fact, this point is the mild solution of the problem Eq.(1.1) on I. ✷
The second main result is to investigate the existence and uniqueness of strong solution for Eq.(1.1). So we have the following result. 
for s 1 , s 2 ∈ I and µ 1 , µ 2 ∈ B R ; 3. ξ is the mild solution of problem Eq.(1.1) on I and there exists a constant R > 0 such that
Then ξ is a strong solution of problem Eq.(1.1) on I.
Proof: By Theorem 1, the problem Eq.(1.1), admits a unique mild solution in C 1−γ (I, Λ), once the conditions are satisfied. In order to obtain the existence and uniqueness of the strong solution, we will use the fact that the solution ξ, is mild for Eq.(1.1) on I. Then, for any t ∈ I, we get
By means of the Gronwall inequality (see [16] ), we obtain
Thus, ξ is Lipschitz continuous on I. Note that, because u is Lipschitz in I and condition (iii), we have that t → φ (t, ξ (t)) is Lipschitz continuous on I. In this sense, by means of Theorem 1 and Theorem 2, we have that the fractional Cauchy problem with its initial condition Eq.(1.1), admits a unique solution in the interval I, which satisfies the integral equation H D α,β t 0+ µ (t) + Aµ (t) = φ (t, ξ (σ (t))) , t ∈ [t 0 , t 0 + a] I 1−γ t 0+ µ (t 0 ) = ξ 0 − ϕ (t 1 , t 2 , ..., t p , ξ (·)) (3.2)
has a unique solution on I satisfying the equation µ (t) = F α,β (t − t 0 ) ξ 0 −F α,β (t − t 0 ) ϕ (t 1 , t 2 , ..., t p , ξ (·))+ t t 0 K α (t − s) φ (s, ξ (σ (s))) ds = ξ (t) .
Thus, we conclude that, ξ is a strong solution of fractional Cauchy problem Eq.(1.1) in the interval I.
✷
